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The complete system of equations for the coupled phase field approach to dislocation nucleation and
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the sharp austenite –martensite interface, the activity of dislocations with two different orientations in a
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Abstract
Computational aspects of the phase field simulations of dislocation nucleation and evolution are
addressed. The complete system of equations for the coupled phase field approach to dislocation
nucleation and evolution and nonlinear mechanics for large strains is formulated. Analytical so-
lutions for a stationary and propagating single dislocation, dislocation velocity, core energy, and
core width are found. Dislocation parameters for nickel are identified based on existing molecular
dynamics simulations. In contrast to all previous efforts that are based on the spectral approach,
finite element method (FEM) is utilized, which allowed us to treat large strain problems and non-
periodic boundary conditions. The single dislocation order parameter profile and the stationary
distance between two neighboring dislocations at a semicoherent sharp austenite - martensite in-
terface are in perfect agreement with analytical expressions. The main focus is on proving that
the new points of the developed theory can be confirmed in simulations, including possibility of
obtaining the desired dislocation height for aligned and inclined dislocations, eliminating spurious
stresses, resolving dislocation cores and interaction between cores of different dislocations. Mesh
independence of the solutions is demonstrated and the effect of approximating finite element poly-
nomials is analyzed, exhibiting possibility of significant numerical errors when special care is not
taken of. Problems of nucleation and evolution of multiple dislocations along the single and mul-
tiple slip systems near martensitic lath, and along the sharp austenite - martensite interface, the
activity of dislocations with two different orientations in a nanograined material under shear and
pressure, and the interaction between two intersecting dislocation systems are studied. Surface-
modified partial dislocation was revealed. These problems represent the first step in the future
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study of interaction of phase transformation and dislocations.
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1. Introduction
Dislocational plasticity have been widely studied using continuum theories, see the recent papers
[6, 12, 21, 28, 29, 33, 37, 80, 86]. At the nanoscale, phase field theories for dislocations are broadly
used for modeling plasticity [2, 3, 8, 13, 22, 27, 30, 31, 32, 47, 48, 49, 53, 79, 81, 82, 83, 84, 85].
Quite sophisticated and physically interesting and important problems are solved, increasing our
understanding of plasticity. It is surprising, however, that traditionally in computational mechanics
studies on the accuracy and mesh-sensitivity of numerical solutions are almost absent. Thus, it is
mentioned in [8] that in order to obtain a continuous profile of the order parameter for a dislocation
within a core, the grid size should be 0.1 of the interplanar distance. However, such a fine grid
has practically never been used in simulations. In [49] the accuracy of the stress distribution due
to a single dislocation and ways to avoid significant oscillations were considered, with a grid size
which was 10 times larger than the Burgers vector. Thus, there was no possibility to resolve the
dislocation core and stresses were away from the dislocation core, i.e., long-range stresses. In the
most practical, larger-scale simulations [79, 82, 84], the grid size is even 100 times of the interplanar
distance.
Mesh dependence of the solutions was not studied because it was assumed in [8, 49, 79, 82,
84] that the dislocation height is equal to the mesh size, i.e., the dislocation height is mesh-
dependent and non-objective by definition. As it was discussed in [70, 75], this assumption is
made because the dislocation height was not defined by a theory and the system of equations is ill-
posed. Traditionally, such formulations are inadmissible in computational mechanics. For similar
problems on shear band localization in classical plasticity, a huge literature exists and the problem
is regularized using a viscoplastic (e.g., [38]) or (in most cases) a gradient-type regularization
(see, e.g., [1, 23]). This led, in particular, to a significant progress in gradient plasticity. Similar
efforts are lacking in the phase field simulations of dislocations as well. As we will show below,
dislocations are not localized within a single intergrid band, rather they produce bands with a
height of 1 to 10 and more mesh sizes. This can be interpreted as 1 to 10 dislocations in the
neighboring parallel planes, but this is unrealistic. Even if the dislocation was localized within one
finite element, the interface Σ with the normal n between the dislocation band and the rest of the
crystal has theoretically zero width. As we will demonstrate below, this leads to high oscillating
internal shear stresses at the interface Σ which have two opposite effects. First, the huge artificial
stresses can exceed the critical stress for dislocations and lead to an artificial nucleation of new
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dislocations. Second, these artificial stresses generate an artificial elastic energy at the interface,
which suppresses dislocation motion. Such stresses and a way to suppress them have not been
studied yet. Also, there is no description in the literature on how to handle dislocations inclined
with respect to the grid.
When using a regular grid, the localization of a dislocation band within one intergrid space
leads to a small number of points to resolve the dislocation core profile along the slip direction,
which results to wrong values for the width and the energy. In addition, a rough discretization
leads to creating an artificial athermal threshold [49], which may arrest dislocations.
Another source of inaccuracy is related to the fact that when the Burgers vector is linearly
dependent on the order parameters η (like in [2, 3, 8, 13, 22, 27, 30, 31, 32, 47, 48, 49, 53, 79, 81,
82, 83, 84, 85]), the thermodynamically equilibrium value of η, and consequently the equilibrium
Burgers vector, depend on the stress tensor σ . This was found in [67] analytically and then studied
in [49] numerically. It was demonstrated in [49] that the stress-dependent Burgers vector changes
the stress field of a dislocation and consequently its velocity. Nonlinear dependencies for the
Burgers vector, which lead to constant, stress-independent equilibrium Burgers vector have been
suggested in [49, 67, 75]. However, as it was shown in [75], the nonlinear dependence in [49] leads
to an unrealistic equilibrium stress - order parameter curve, which requires infinite stresses for
the lattice instability (theoretical strength). In general, the local equilibrium stress-strain curve
and the theoretical shear strength were not analyzed for the previous models, until it was done in
[67, 75].
All previous phase field simulations (e.g., in [8, 31, 32, 49, 79, 81, 82, 84]) were based on small
strain (i.e., < 0.1) theory, which allowed one to use effective spectral methods for the problem
solution combined with Khachaturyan-Shatalov microelasticity theory. This also implied periodic
boundary conditions. At the same time, local shear strain for n dislocations is huge and is of the
order of magnitude of n.
In the papers [70, 75], the phase field equations for dislocation nucleation and evolution at the
nanoscale were derived from thermodynamics laws for large strains and were simplified for small
strains as well. The Ginzburg-Landau equations are obtained as the linear kinetic relations between
the rate of change of the order parameters and the conjugate thermodynamic driving forces. Several
main shortcomings of the previous phase field studies have been resolved. In particular, large strain
kinematics is introduced and it is done in a way consistent with phenomenological crystal plasticity.
Also, expression for the Helmholtz free energy is advanced in the following directions:
(a) it reproduces the desired, mesh-independent height of dislocation bands for any slip system
orientation and prevents dislocation widening;
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(b) it excludes the localization of dislocation within a band of a smaller height than the pre-
scribed one but does not produce artificial interface energy;
(c) it penalizes the interaction of different dislocations at the same point;
(d) it allows us to generate desired lattice instability conditions and a stress - order parameter
curve, as well as to obtain stress-independent equilibrium Burgers vector and to avoid artificial
dissipation during elastic deformation.
Non-periodic boundary conditions for dislocations are introduced, which include the change of
the surface energy due to the exit of dislocations from the crystal.
All the above theoretical results make it possible to significantly advance the computational
mechanics aspect and the strictness and the accuracy of the simulation of dislocation behavior.
This is the main goal of the current paper. The main focus is on proving that the new points
of the developed theory can be confirmed in simulations, including the possibility of obtaining
the desired dislocation height for aligned and inclined dislocations, eliminating spurious stresses,
resolving dislocation cores and the interaction between cores of different dislocations.
First, analytical solutions for a stationary and propagating single dislocation, dislocation ve-
locity, core energy, and core width are found. Dislocation parameters for nickel are identified
based on the results of molecular dynamics simulations in [14]. They also include the effect of the
gradient term along the dislocation height. In contrast to all previous efforts that utilize the spec-
tral approach, FEM is applied, which allowed us to treat large strain problems and non-periodic
boundary conditions. In particular, free external surface is considered, for which the boundary
condition looks different than for phase transformations. The single dislocation order parameter
profile and the stationary distance between two neighboring dislocations at a semicoherent sharp
austenite - martensite interface are in perfect agreement with analytical expressions. Note that
the last problem has a shear strain equal to 3, i.e., the large strain formulation is tested to some
extend as well. For a system of multiple parallel dislocations, it is shown that one can indeed obtain
an objective solution with the prescribed dislocation height and eliminate artificial stresses at the
boundary between the dislocation band and the rest of the crystal or between different dislocation
bands. For non-optimal meshes and types of finite elements, solutions may differ significantly from
the objective (correct) ones, with different numbers of dislocations, averaged stresses, and huge
spurious oscillating stresses between the dislocation band and the rest of the crystal or between
different dislocation bands. For models without the prescribed dislocation height, the solution is
strongly mesh-dependent, with different numbers of dislocation bands of different widths, even for
a small change of mesh. It was also demonstrated that inclined dislocations can be described with-
out any problem, independent of the mesh, and the interaction of dislocations cores may essentially
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change the local and global behaviors.
The solved problems include the nucleation and the evolution of multiple dislocations along the
single and multiple slip systems, near a martensitic lath and along a sharp austenite - martensite
interface, the activity of dislocations with two different orientations in a nanograined material
under shear and pressure, and the interaction between two intersecting dislocation systems are
studied. All these problems represent the first step in the future study of the interaction between
phase transformations and plasticity. Some preliminary simulation results are presented in our
short letter [70].
We designate contractions of tensors A and B over one and two indices as A·B and A:B ; sum-
mation is assumed over the repeated indices. In some cases, when it is desirable to show the limits
of summations, the sign
∑
will be used. Superscripts T and −1 designate transposed and inverse
tensors, and superscript s is used for symmetric part of a tensor. Symbols with subscript 0 referrs
to a parameter in the undeformed states; subscripts e and p designate elastic and plastic parts of
deformation gradient or strain.
2. Complete system of equations and problem formulation
The complete system of equations derived in [70, 75] in the reference and deformed configura-
tions, as well as for small strain approximation is summarized in Box 1.
Box 1. Complete system of equations
1. Kinematics
I. Large strains
1.1. Multiplicative decomposition of the deformation gradient F into elastic F e and plastic F p
contributions
F := ∂r/∂r0 = ∇0r = F e·F p, (1)
where r = r (r0, t) is the location of a material point r0 of a body at time t. The points r0 and r
form the reference (undeformed) Ω0 and actual (deformed) Ω configurations, respectively.
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1.2. Jacobian determinants
J :=
ρ0
ρ
= detF ; Je :=
ρp
ρ
= detF e; Jp := detF p = 1; J = Je, (2)
where ρ0, ρp and ρ are the mass densities in the reference (undeformed), intermediate stress-free,
and deformed configurations, respectively.
1.3. Rate of plastic deformation gradient
F˙ p =
p∑
α=1
[
γαm
α
0 ⊗nα0 Φ˙(η¯α)
]
·F p;
Φ = Int(ηα) + η¯
2
α(3− 2η¯α); η¯α := ηα − Int (ηα) ∈ [0, 1] , (3)
where bα0 is the the Burgers vector of a dislocation in the α
th slip system, mα0 is the unit vector in
the direction of bα0 , n
α
0 is the unit normal to the slip plane (all three are defined in the reference
configuration), γα = |bα0 |/Hα is the plastic shear strain per single dislocation in a dislocation band
of the height Hα, ηα is the order parameter for a dislocation in the α
th slip system, and Int(ηα)
and η¯α are the integer and fractional parts of ηα.
II. Small strains
ε = (∇u)s = εe + εp; ω = ωe +ωp; εp +ωp =
p∑
α=1
1
Hα
bα ⊗nαΦ(ηα), (4)
where u is the displacement, ε and ω are the small strain and rotations, respectively.
2. Helmholtz free energy ψ per unit mass
ψ = ψe(Ee) + ψ
c + ψint + ψ∇; (5)
ρ0ψ
e(Ee) =
1
2
Ee:C:Ee; (6)
ρ0ψ
int =
p∑
α
p∑
k=1
Aαkη¯
2
α(1− η¯α)2η¯2k(1− η¯k)2; Aαα = 0; (7)
ρ0ψ
∇ =
β
2
p∑
α=1
{|∇0η¯α|2 + [M(1− η¯α)2 − 1](∇0η¯α ·nα0 )2} ; (8)
ρ0ψ
c =
p∑
α=1
Aαη¯
2
α(1− η¯α)2; (9)
Aα(y
α) =

qA0α y¯
α > Hα;
A0α y¯
α ≤ Hα,
(10)
y¯α = yα − Int( y
α
Hα + wα
)(Hα + wα);
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where ψe, ψc, ψ∇, and ψint are the elastic, crystalline, and gradient energies as well as the energy
of interaction of dislocation cores belonging to different slip systems, respectively, all per unit
mass; Ee = 0.5(F
T
e · F e − I ) is the elastic Lagrangian strain; C is the fourth-rank tensor of
elastic moduli, Aα, Aαk, and β are the crystalline energy, interaction energy, and gradient energy
coefficients, respectively. Eq.(10) introduces the height Hα of the dislocation bands through the
coefficient Aα, which is chosen to be a periodic step-wise function of the coordinate y
α along the
normal to the slip plane nα0 and is equal to its normal value A
0
α within each dislocation band of the
height Hα and qA0α (q  1) in a thin boundary layer between dislocations of the width wα = pHα
(p 1) (Fig. 1). Large values of Aα prevent the widening of the dislocation outside the designated
dislocation band. Parameter M in the gradient energy is a small number penalizing gradient of
the order parameter along nα0 and preventing localization of the dislocation within a band with a
height smaller than the prescribed one, Hα.
3. First Piola-Kirchhoff P and Cauchy σ stress tensors
I. Large strains
P = ρ0F e· ∂ψ
∂Ee
·F T−1p ; σ =
ρ0
J
F e· ∂ψ
∂Ee
·F Te .
II. Small strains
σ = ρ0
∂ψ
∂εe
. (11)
4. Ginzburg–Landau equations
4.1. Compact form in the reference configuration at large strains
1
L
∂ηα
∂t
= Xα =
1
ρ0
ταγα
dΦ
dηα
− ∂ψ
∂ηα
+
1
ρ0
∇0 · (ρ0 ∂ψ
∂∇0ηα );
τα = Jn
α
0 ·F −1e · σ·F e ·mα0 = nα0 ·F p ·P T ·F e ·mα0 , (12)
where L is the kinetic coefficient, Xα is the thermodynamic driving force work-conjugate to η˙α,
and τα is the resolved shear stress.
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4.2. Detailed form in the reference configuration at large strains
1
L
∂ηα
∂t
=
1
ρ0
ταγα
dΦ
dηα
− 2
ρ0
Aαη¯α(1− η¯α)(1− 2η¯α) (13)
− 2
ρ0
η¯α(1− η¯α)(1− 2η¯α)
p∑
k=1
Aαkη¯
2
k(1− η¯k)2
+β
{∇20η¯α − 2M(1− η¯α)(∇0η¯α ·nα0 )2 + [M(1− η¯α)2 − 1](nα0 · ∇0)(∇0η¯α ·nα0 )} .
4.3. Compact form in the actual configuration at large strains
1
L
Dηα(r, t)
Dt
=
1
L
(
∂ηα(r, t)
∂t
+ v · ∇ηα
)
=
1
ρ0
ταγα
dΦ
dηα
− ∂ψ
∂ηα
+
1
ρ
∇ · (ρ ∂ψ
∂∇ηα ), (14)
where v is the particle velocity.
4.4. Detailed form in the actual configuration at large strains
1
L
∂ηα
∂t
=
1
ρ0
ταγα
dΦ
dηα
− 2
ρ0
Aαη¯α(1− η¯α)(1− 2η¯α) (15)
− 2
ρ0
η¯α(1− η¯α)(1− 2η¯α)
p∑
k=1
Aαkη¯
2
k(1− η¯k)2
+β
{
(F ·F T ):∇∇η¯α − 2M(1− η¯α)(∇η¯α ·nα)2 + [M(1− η¯α)2 − 1]nα · ∇∇η¯α ·F ·F T e ·nα
}
.
4.5. Small strains
1
L
∂ηα
∂t
=
1
ρ0
ταγα
dΦ
dηα
− 2
ρ0
Aαη¯α(1− η¯α)(1− 2η¯α)
− 2
ρ0
η¯α(1− η¯α)(1− 2η¯α)
p∑
k=1
Aαkη¯
2
k(1− η¯k)2
+β
{∇2η¯α − 2M(1− η¯α)(∇η¯α ·nα)2 + [M(1− η¯α)2 − 1]nα · ∇∇η¯α ·nα} . (16)
5. Momentum balance equation
I. Large strains
∇0·P + ρ0f = ρ0v˙ ; ∇·σ + ρf = ρDv
Dt
, (17)
where f is the body force.
II. Small strains
∇·σ + ρf = ρv˙. (18)
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6. Boundary conditions for the order parameters
I. Large strains
b0
α · ∇0ηα = 0; ∇ηα ·F ·F −1e · bα = 0. (19)
II. Small strains
bα · ∇ηα = 0. (20)
As it is shown in [75], the above system of equations satisfies some important conditions for homo-
Fig. 1: (a) Distribution of the multiplier q in the expression for the barrier Aα = qA0α in the crystalline energy,
along the normal to each slip plane. It is equal to 1 within the slip band and 100 in a thin boundary layer between
dislocations of the width wα/Hα = p (p  1). (b) Corresponding distribution of the order parameter ηα for
dislocations.
geneous states after dislocations passed through the volume under study. First, Xα(ηα = nα) = 0
for any stresses, i.e., integer number of dislocations at any point corresponds to the thermodynamic
equilibrium with respect to change of the order parameter. This allowed us to obtain constant
(stress-independent) Burgers vector for complete dislocations. The second condition is
∂2ψ(Ee, ηi = ni)
∂ηα∂ηk
∣∣∣
E e
= 0; ∀ k 6= α. (21)
It significantly simplifies thermodynamic instability conditions for the homogeneous equilibrium
states and allows one to obtain the desired lattice instability conditions and a stress-order parameter
curve.
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3. Parameter identification
In this Section, we will utilize results of molecular dynamics (MD) simulations from [14] for
nickel to determine all material parameters. For this purpose, we will use an analytical solution
for a single dislocation.
For a single dislocation band with the height of Hα in the y direction (coinciding with nα0 )
propagating along the x direction (coinciding with bα0 ), for ηα independent of y within a band of
the height Hα the Ginzburg-Landau equation (13) is simplified as
1
L/ρ0
∂ηα
∂t
= 6ταγαη¯α(1− η¯α)− 2Aαη¯α(1− η¯α)(1− 2η¯α) + ρ0β ∂
2η¯α
∂x2
. (22)
Eq.(22) is formally similar to the Ginzburg-Landau equation for a plane austenite-martensite in-
terface (Eq.(6)) for a = 3 in [61]. Therefore, we can use the analytical solutions Eqs.(10) and (13)
in [61] for the propagating interface with the parameters s1 = Aα − 3ταγα and s2 = ταγα in order
to describe propagation of the dislocation band
ηα(x, t) =
1
1 + exp(−
√
4Aα−13ταγα√
2ρ0β
(x− vt))
. (23)
with the dislocation velocity
v =
Lταγα
√
β√
2ρ0(4Aα − 13ταγα)
. (24)
For small stresses considered in [14], Eq.(24) simplifies to
v =
Lταγα
√
β
2
√
2ρ0Aα
. (25)
For zero stresses τα, static solution
ηα(x) =
1
1 + exp(−√2Aα/(ρ0β)(x− x0)) . (26)
possesses the dislocation core energy per unit dislocation length and the dislocation core width
E =
Hα
√
Aαρ0β
3
√
2
; δ =
[
dΦ(η¯α(x))
dx
]−1
max
= 2.667
√
ρ0β
2Aα
(27)
similar to the interface energy and width in [61]. However, energy in Eq.(27) contains a factor
Hα, which is not present in the interface energy. This is because dislocation has a height Hα and
10
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dislocation energy is per unit length, while interface energy is per unit area. The η¯α profile in our
simulations is in a perfect agreement with the analytical expression (Fig. 2). To determine the
Fig. 2: Stationary dislocation profile of our simulation and comparison with analytical expression (length is normal-
ized by |bα0 | = 0.35).
material parameters Aα, β, and L, we use the results of molecular dynamics (MD) simulation from
[14] for nickel. Namely, the dislocation core energy per unit dislocation length is E = 0.28eV/
◦
A=
0.448 × 10−9J/m; mobility dvdτα = 13.5 nmpsGPa , and the crystalline energy barrier per unit area
of the gamma surface A˘α = 10.448J/m
2, which is related to our barrier Aα per unit volume as
A˘α = AαH
α. Also, for nickel ρ0 = 8900kg/m
3. Using the interatomic distance d = 0.35nm
[14] and Hα = 2d = 0.7nm, we obtain from this equation Aα = 14.93GPa. Then Eq. (27)
for energy results in β = 5.55 × 10−14m4/s2, after which Eq.(25) leads to L = 5.2 × 109s/m2.
Other parameters are: |bα0 | = 0.25nm, γα = |bα0 |/Hα = 0.36, ταc = Aα/(3γα) = 13.82GPa, and
δ = 1.37|bα0 | = 0.343nm.
Note that following the same procedure for a plane austenite-martensite interface in [61], a
similar analytical solution for propagating dislocation is obtained in [14] but with some misprints.
Also, since dislocation height was not resolved in [14], it was not present in the dislocation energy
(27). That is why our parameters Aα and ρ0β are equal to the corresponding parameters in [14]
divided by dislocation height Hα. Also, in Eq.(22), we use ρ0β as the pre-factor for Laplacian
while in [14] it is chosen as 2β.
One more important point is that similar to a diffuse phase interface width, there are different
ways to define the dislocation core width, which result in different pre-factors in Eq.(27). The
definition in Eq.(27) was based on the maximum slope of function Φ(η¯α), which characterizes
variation of the Burgers vector. Alternatively, similar to a diffuse phase interface width in [69], a
dislocation core can be defined as a length along which Φ(η¯α) varies between 0.01 to 0.99; then the
11
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dislocation core width can be expressed as δ2 = 5.54
√
ρ0β
2Aα
. This leads to a broader dislocation
core δ2 = 2.83|bα0 | = 0.71nm.
Note that the dislocation core width in [14] was defined based on the slope of the η¯α profile
(Eq.(20) from [14]) rather than slope of Φ(η¯α) profile. While Φ(η¯α) characterizes variation of the
Burgers vector, η¯α alone does not have specific meaning and such a definition is less preferable.
The above results were obtained for the case when ηα is independent of y and the regularizing
term with M does not participate in the solution. However, in numerical simulations ηα depends
on y and additional energy scaled with M has to be taken into account. Thus, in order to obtain
the same dislocation core energy as in [14], we need to find the corresponding parameters β and
M from our simulations. The larger M , the smaller stress oscillations at the surface Σ. However,
the contribution of the gradient of the order parameters along the normal n to the slip plane,
∇nη, to the total gradient energy increases, which is physically undesirable, because it is just a
regularizing term. Thus, we use several values of M and choose the smallest one, which does not
lead to significant oscillations. We presented in Fig. 3 the dislocation core energy for two different
values of M , 1/100 and 1/20, and the variable β in some range. A comparison with the energy
from the MD results gives β = 2.25 × 10−14m4/s2 for M = 1/100 and β = 1.6 × 10−14m4/s2 for
M = 1/20. Our simulations demonstrated that for M = 1/20 the solution for ηα along the normal
has the desired form (see Fig. 13) and small oscillations, while for M = 1/100 the regularization
is not sufficient. That is why we use M = 1/20 in all simulations below.
Fig. 3: The dislocation core energy for different values of ρ0β and two different values of M in comparison with that
from MD simulations [14].
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4. Results and discussion
Our simulations have been performed for a different material than Ni considered in Section 2,
namely NiAl, with the same parameters as in [70]. This was done due to our interest in studying
the interaction of plasticity and martensitic phase transformations [71, 72, 73, 74] and all of our
results here are the first step for this study. None of the problems below was treated with the
phase field approach previously. While Ni does not have phase transformations in solid state,
NiAl undergoes a cubic to tetragonal phase transformation. Thus, the following parameters for all
slip systems and homogeneous material have been used in all problems, unless stated differently:
|bα0 | = 0.35nm, d = 0.35nm, Hα = 2d = 0.7nm, γα = 0.5, ρ0 = 5850kg/m3, β = 1.5×10−14m4/s2,
Aα = A = 1.43 × 109N/m, Aαk = 0.143 × 109N/m, L = 8.9 × 107s/m2 and M = 1/20. These
values, in particular, correspond to E = 0.75×10−10J/m, δ = 5.54
√
β
2Aα
= 0.97nm = 2.77|bα0 |, and
ταc = 0.96GPa. Parameters in the periodic crystalline energy are k = 100 and wα = 0.1H
α. The
simplest isotropic linear elasticity is used with shear modulus µ = 71.5GPa and bulk modulus K =
112.6GPa. Boundary conditions Eq.(19) for the order parameters neglect change in surface energy
when dislocations exit a sample. To generalize the results for a different material we normalize
size, stress, and time parameters by |bα0 | = 0.35nm, ταc = 0.96GPa, and t¯ = ρ0/(AαL) = 0.07ps,
respectively. 28000 elements are used, where elements have the maximum size of 0.2 at the A-
M interface, and the maximum size of 1 in the rest of the sample. FEM and code COMSOL
Multiphysics with an embedded remeshing procedure was used. COMSOL applies remeshing
automatically anytime during solution to eliminate large mesh distortion and/or mesh inversion
and to avoid divergence. One can choose the time range during which remeshing is allowed and can
control the range of mesh sizes. COMSOL does not necessarily change the whole mesh pattern,
instead it automatically produces remeshing in local regions, mainly near stress concentrators,
places where elements are drastically distorted, and when different types of meshes in different
regions are utilized.
Different moduli of COMSOL have been utilized for the implementation of the above system
of equations; the most general finite strain case requires an application of PDE (partial differential
equations) modulus. The backward differentiation formula are used to solve the time dependent
problem. Plane strain problems for straight edge dislocations are considered. Seven elements per
dislocation height and 5 elements per width of a core are used. Quadrilateral type of elements with
the second degree polynomial for the shape function is utilized unless otherwise stated. Compared
to linear elements, quadrilateral elements reduce the total number of degrees of freedom and the
computation time, as well as improve convergence in our problems. At least 5 elements are required
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to reproduce the dislocation core profile. In some problems, the fifth degree polynomial for the
shape function reduces significantly stress oscillations between the dislocation band and the rest
of a crystal.
Several model problems will be solved in this section to illustrate the application of the devel-
oped approach. Main focus will be on demonstrating large strain effects and mesh-independence of
the solution, reproducing an analytical expression for spacing between dislocations along the phase
interface, the treatment of inclined dislocations and their interaction, and dislocation activity in a
nanograin bicrystal.
4.1. Sharp austenite - martensite interface and incoherency dislocations
Fig. 4: Problem on dislocation evolution along the austenite-martensite interface. (a) Schematic and mechanical
boundary conditions. (b) and (c) horizontal displacement field before appearance of the first dislocation in the
initial undeformed and current deformed configurations, respectively.
For a coherent interface atomic positions in contacting lattices are continuous across the in-
terface. The lattice continuity can be interrupted by misfit dislocations, which Burgers vector
can be within interface or inclined to the interface. Incoherency dislocations determine the en-
ergy and mobility of interface, and consequently play an important role in determining ther-
modynamic, kinetics, nanostructure, and material properties, and have been of main interest in
[11, 17, 18, 19, 26, 34, 35, 40, 41, 42, 45, 46, 52, 62, 77]. Here, we consider nucleation, evolution,
and stationary incoherency dislocations inside a sharp austenite - martensite interface with Burgers
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Fig. 5: (a) Stationary distribution of dislocations that nucleated at free surface and propagated along the sharp
austenite - martensite interface with a misfit strain of 0.1 in the x direction. (b) The evolution of dislocations along
the interface and (c) the corresponding dislocation profiles of η at the middle line of the dislocation band.
Fig. 6: (a) Stationary shear strain γ and (b) shear stress τ distributions for the stationary distribution of dislocations
in Fig. 5a.
vectors belonging to the interface. A rectangle of the size of 30.6× 114.3 was considered with the
sharp austenite - martensite interface in the middle of it and in the middle of a dislocation band
(Figs. 4 and 5). A misfit (transformation) strain of ∆ = 0.1 in the x direction is applied in the
upper martensitic half of the sample as the eigen strain. The upper and lower sides are fixed in the
y direction and the left side is fixed in the x direction; all other external stresses are zero. Also,
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the plastic shear γα = 0.25. The initial condition was η = 0.01 inside the dislocation band. Hor-
izontal displacement field before appearance of the first dislocation in the initial undeformed and
current deformed configurations, respectively, is presented in Fig. 4, (b) and (c). Displacements
are continuous across an interface (i.e., it interface is coherent), which causes large elastic stresses
due to the misfit strain. Next, twelve dislocations are generated from the free surface at the right
side, and propagate along the interface and inside the dislocation band one after another (Fig.
5a). A dislocation sign shows the slip plane and normal to the slip plane (or the extra half plane
of atoms) of a dislocation, as usual. Thus, a coherent interface transforms into a semicoherent
one. The evolution of dislocations along the interface and the corresponding dislocation profiles
of η at the middle line of the dislocation band are presented in Figs. 5b and c, respectively. In
the stationary state, distance between any of two neighboring dislocations is 10, in perfect cor-
respondence with the normalized analytical expression 1/∆ [10]. Twelve dislocations produce a
step at the free surface with shear strain of nγα = 3, which means that large strain formulations
are to some extend tested in this problem (Fig. 6a). The shear stress is concentrated inside the
dislocation band as well and decays away from each band along the normal to the slip plane (Fig.
6b). They do not have any artificial oscillations. This problem represents the first step for studying
thermodynamics, kinetics, and mechanisms of the propagation of semicoherent interfaces.
4.2. Objectivity and mesh-dependence
A square sample with the size of 28.6 × 28.6 was considered with the lower side fixed in both
directions and the upper side fixed in the y direction. A horizontal displacement u = 0.2t is applied
at the upper side from t = 0 to 40. Initially, a dislocation nucleus of η = 1 with the size of 2 × 2
was considered at the middle of the right side of the sample and η = 0.01 everywhere else. For
Figs. 7 and 8a, a dislocation system is considered only at the middle of the sample, the rest of a
sample deforms elastically. The slip direction is along the x axis, and the plastic shear γα = 0.5.
The evolution of dislocations is presented in Fig. 7. Due to the applied shear, first dislocation
propagates along the slip plane, and then 6 more dislocations are generated from the center of the
dislocation band, one by another propagate along the x direction and leave the sample at the free
surfaces, which create steps at both ends of the sample. Dislocations do not move outside of the
prescribed dislocation system, and propagation is acceptably quasi-homogeneous. Corresponding
stationary solution within a sample is shown in Fig. 8a. It is practically mesh-independent, which
was checked by solutions for different meshes (Fig. 9).
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Fig. 7: The evolution of dislocations inside the dislocation band along the slip plane at the middle of a square
sample under the prescribed shear displacement. The dislocation band is shown only.
If we do not consider the periodic step-wise function of the coordinate along the normal to the
slip plane for the coefficient Aα and use the same coefficient Aα everywhere, as well as neglect
the new gradient term normal to the slip plane (M = 0), similar to previous phase field studies
for dislocations, solution is mesh-dependent. Figs. 8b-d show three different mesh patterns and
their corresponding mesh-dependent solutions. Also, the order parameter η profiles along the
normal to the slip plane at the right side of the sample are presented for the mesh-independent
and the three mesh-dependent solutions in Fig. 10. As can be seen, for any of the mesh-dependent
solutions, dislocation widening occurs. This is because of first, the lack of the intrinsic length
along the normal to the slip plane and theoretically zero dislocation height, which leads to high
oscillating internal shear stress at the boundary between any two neighboring elements normal to
the slip plane which causing artificial nucleation of new dislocations, and second, the lack of a
barrier normal to the slip plane to penalize the dislocation widening. For Fig. 8d, dislocations are
generated separately in parallel slip planes which widen normal to their slip planes, and for larger
prescribed shear coalesce with each other, finally filling the entire sample.
4.3. Suppressing effect of oscillating stresses at boundaries of the dislocation bands Σ on dislocation
evolution
rectangle with the size of 10 × 24.3 was considered with the upper and lower sides fixed
in the y direction and the left bottom corner fixed in both directions (Fig. 11). This problem
models dislocation activity near the martensitic lath [20, 24, 50, 51, 64], which is located at the
left side of the sample and possesses transformation shear strain 0.3 (Fig. 12). Initially, there are
no dislocations (η = 0), except in a small region with η = 0.01 along the austenite - martensite
interface inclined under 630 with respect to the x direction. Elastic stresses cause nucleation and
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Fig. 8: (a) Mesh-independent solution of dislocations in a square sample under prescribed shear and (b)-(d) three
different mesh patterns and corresponding mesh-dependent solutions when the periodic step-wise function of the
coordinate along the normal to the slip plane for the coefficient Aα is not utilized and the gradient term normal to
the slip plane is neglected, M = 0.
Fig. 9: Distribution of the order parameter for the problem in Fig. 8 (a) for 6 and 7 elements per dislocation height
(mesh-independent solutions 1 and 2) and for 4 elements per dislocation height (mesh-dependent solution).
propagation of parallel dislocations, one after another, with several dislocations in each system
in the stationary state. Relaxation of elastic stresses leads to the straightening of the initially
curved interface. Closeness of different dislocations near the austenite-martensite interface means
overlapping of their cores and stress fields, which is not easy to properly model with discrete
dislocation dynamics. Dislocations do not move outside the prescribed bands, have clear horizontal
boundaries (despite the unstructured FEM mesh), and propagate acceptably quasi-homogeneously.
To elucidate the effect of oscillating stresses at boundaries of the dislocation bands Σ on dislocation
propagation, the problem is solved for two different FEM approximations: one with the 2nd degree
interpolation polynomial in the FEM in space coordinates for both η and displacements (lower
degree approximation (Fig. 12a)), and another with the 2nd degree interpolation polynomial for
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Fig. 10: Dislocation profiles along the normal to the slip plane at the right side of the sample for the mesh-
independent solution (a) and three mesh-dependent solutions (b)-(d) in Fig. 8.
Fig. 11: Geometry and mechanical boundary conditions for the problem on dislocation activity near the martensitic
lath.
Fig. 12: Stationary solutions for a parallel dislocation systems under prescribed transformation shear strain of 0.3
in the martensitic part of a sample with the 2nd degree interpolation polynomial in the FEM in space coordinates
for both η and displacements (a), and with the 2nd degree interpolation polynomial for η and 5th degree polynomial
for displacements (b).
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space coordinates for η and the 5th degree polynomial for displacements (blue solid line, mesh-independent solution),
and for the 2nd degree polynomial for both η and displacements (red dashed line).
η and 5th degree polynomial for displacements (higher degree approximation (Fig. 12b)). One of
the main natural requirements to the dislocation solution is that after the passing of dislocations
through any chosen region, boundaries of the dislocation bands Σ do not generate internal stresses.
For the lower degree polynomial, significant unphysical internal shear stresses (oscillations) at
the boundaries Σ are present (Fig. 13b, red dashed line) even after the appearance of the first
dislocation. These oscillations produce artificial interface energy, which suppresses propagation of
dislocations; that is why solutions for different FEM approximations are different. At the same
time, for the higher degree polynomial, internal stresses and oscillations are negligible (Fig. 13b,
blue solid line) even after the appearance of multiple dislocations. The stationary solutions of
dislocations for both approximations are presented in Fig. 12. The distribution of the order
parameter η and shear stress σxy at x = 19 at t = 20 are also presented for the lower degree
approximation (dashed red line), and for the higher degree approximation (blue solid line) in Fig.
13. While for the higher degree approximation (Fig. 12b), there are 2 and 3 dislocations in the
second and third systems (from the bottom), respectively, for the lower degree approximation (Fig.
12a), the second dislocation in the second system did not completely pass through the band and 3
dislocations appeared in the third system.
Note that for both approximations the height of the second dislocation in the upper band is
smaller than the prescribed value Hα. The reason is that the plastic shear less than 2γα (and
Burgers vector less than 2|bα| ) is required to relax stresses. One of the possible solutions would
be like in a third band in Fig. 12b, when the second dislocation is arrested within a sample.
However, for the upper band, the second complete dislocation is too close to the free surface and it
is energetically more favorable that it reaches the surface and exits the sample but it is incomplete
in the entire band (i.e., produces plastic shear less than 2γα). Thus, it represents a surface-modified
partial dislocation. To some extent, it is similar to surface-induced martensitic pre-transformations
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[69] or premelting (partial disordering) [68]. Namely, while in bulk thermodynamically equilibrium
Burgers vector or transformation strain is fixed, the surface can equilibrate some non-complete
Burgers vector or transformation strain.
Next step for this problem is the propagation of an austenite-martensite interface with the
inheritance or pushing of the generated dislocation. Such a problem within the sharp interface ap-
proach and the phenomenological isotropic plasticity has been solved in [64], with the prescribed
interface advance. The phase field approach will provide a much more precise and flexible tool for
the solution of this problem, including the arrest of the martensitic unit. Such an arrest determines
a plate/lath morphological transition and is of fundamental and applied importance for material
design and achieving desired mechanical properties.
4.4. Dislocation activity in a nanograin bicrystal under plastic shear and pressure
Fig. 14: Schematics of a sample with two nanograins under compression and shear with a stationary dislocation
nanostructure at the prescribed γb = 0.2 with stationary values of p = 4.3 and τ = 2.6 in the left grain, and p = 5.3
and τ = 5.5 in the right grain Evolution of dislocations in both grains are presented as well.
Simple shear represents the main mechanism of plastic flow and it is of great importance
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for the synthesis of nanograin materials and producing strain-induced phase transformations, in
particular under high pressure. Such a loading can be produced under torsion or high-pressure
torsion [4, 44]. Superposition of high pressure and large plastic shear in rotational Bridgman
anvils [39] and rotational diamond anvil cell [7, 54, 56, 76] leads to unique results, namely, to
new phases or known phases under much lower pressure than under hydrostatic conditions. This
topic is under intense study at the nanoscale [56, 57, 72, 74]. The following mechanism for a
significant reduction of the transformation pressure due to the plastic shear was suggested: shear
stresses produce dislocation pile-ups with strong stress concentrations, which lead to barrierless
martensite nucleation. However, if in experiment the pressure is lower than the critical value
required for the phase transformation, the stress concentration can relax due to additional plasticity
(rather than the phase transformation), and the produced dislocation structure may suppress the
transformation rather than to promote [56, 57]. Here, we solve a problem on dislocation evolution
under a prescribed simple shear in a nanosize bicrystal to understand how slip transfers from one
grain to another and the resulting dislocation structure. In the future work, these results will be
used as initial conditions for studying phase transformations under pressure and shear. Nanograins
are chosen because large plastic deformations lead to nanograin structures.
A rectangular sample is considered with the size of 142.8 × 85.7, which includes the following
regions (Fig. 14): (a) two grains of the size of 71.4× 57.1 each, in which dislocations are studied;
(b) two regions of the size of 142.8 × 14.3 located at the top and bottom of the sample, where
only the mechanical problem is solved; these regions model elastic accommodation of the grains
that surround two grains with plasticity. For the mechanical problem, periodic conditions for
displacements are prescribed for lateral sides; the bottom horizontal side is fixed; the upper side
is subjected to normal homogenous stress σn in the deformed state and homogeneous horizontal
displacement u.
A vertical stress σn = 8.8 is considered, which results in an initial pressure averaged over the
sample (or each grain) of 5.77. The average pressure is defined as p = −0.5(σx + σy). Also, the
following homogeneous horizontal displacement is applied at the upper side: u = 8.57 from t = 0 to
28.6, then u = 0.2t from t = 28.6 to 42.8, and finally u = 11.4 from t = 42.8 to 85.7. The horizontal
displacement is given in terms of prescribed macroscopic shear γb = u/h, with the height of grains
h = 57.1.
We consider three horizontal slip systems in the left grain (defined by the order parameter
η1), and three slip systems inclined under 15
0 in the right grain (defined by order parameter η2)
(Fig. 14). This example, in particular, shows the capability of our PF model to obtain a mesh-
independent solution for dislocations for any orientation. Initial conditions are η1 = 0.01 and
22
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
η2 = 0.01 inside the dislocation band in the left and right grains, respectively. Under the prescribed
pressure and shear, first, dislocations of the opposite sign appear at the grain boundaries of the
left grain and move toward each other. After 3 dislocation pairs appeared in the left grain, the first
dislocation pairs appeared in the right grain In the following, by increasing shear, more dislocations
are generated in both grains, with 5 and 2 dislocations in the right and left grains for the stationary
state, respectively. The evolution of dislocation systems for both grains is presented in Fig. 14.
As can be seen, after the nucleation and propagation, some of dislocations leave the dislocation
bands, creating steps at the end of the band, and some others create dislocation pile-ups near
the grain boundary. In the left grain, 2 dislocations of the positive sign and 2 dislocations of the
negative sign leave the upper band from the right and left sides, respectively, and 3 dislocations of
the positive sign and 3 dislocations of the negative sign create pile-ups at the right and left sides,
respectively. For the middle and lower bands, only one dislocation leaves the band from each side
of the band, and 3 dislocations of the positive sign and 3 dislocations of the negative sign create
pile-ups at the right and left sides, respectively.
In the right grain, for the upper band, 1 dislocation of the negative sign leaves the left grain,
and another negative dislocation is arrested near it, while 2 positive dislocations are stuck inside
the grain For the middle band, 1 positive and 1 negative dislocations leave the upper band from the
right and left sides, respectively, and 1 positive and 1 negative dislocations are equilibrated near
them. For the lower band, 1 positive dislocation leaves the band from the right end and 1 positive
and 2 negative dislocations create pile-ups at the right and left ends, respectively. Average pressure
and shear stress are relaxed during dislocation generation. As shown in Fig. 15, the pressure
monotonically reduces during dislocation generation even when the applied shear is increased from
u = 8.6 to u = 11.4. The pressure is reduced from the initial value of p = 5.5 to the stationary
values of p = 4.1 and p = 5.1 for the left and right grains, respectively. After applying u = 8.6, the
average shear stress reduces due to the dislocation generation from the initial value of τ = 7.4 to
τ = 2 and τ = 4.5 for the left and right grains, respectively. Then, it is increased in both grains due
to the larger applied shear u = 8.6 + 0.2t from t = 28.6 to 42.8. However, due to the generation of
dislocations, it reduces in the left grain even when the applied shear is still increasing to u = 11.4.
Finally, after applying constant shear u = 11.4, the average shear stress reduces to the stationary
values of τ = 2.6 and 5.5 for the left and right grains respectively. The larger reduction of the
average pressure and shear stress in the left grain is due to the generation of the larger number of
dislocations compared to that in the right grain
Note that we used two different order parameters η1 and η2 in order to avoid direct passing
dislocations through grain boundary. Alternatively, one can use just one order parameter and
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+
rotate the slip system across the boundary. To avoid the direct passing dislocations through the
grain boundary in this case, one needs to introduce a finite-width boundary with η = 0.
4.5. Interaction of two dislocation systems
The objectives of this section are:
(1) To study the effect of the new term in the thermodynamic potential that describes the
interaction of the cores of different dislocations when they pass through the same region.
(2) To demonstrate a mesh-independent solution for arbitrary inclined slip systems.
(3) To make the first step in studying phase transformations at a shear-band intersection,
which is the main mechanism of strain-induced phase transformations in TRIP steels [16, 15].
This problem was studied within the simplified macroscopic theory in [63].
Since the actual value of the magnitude of the interaction term, A12, is unknown, three cases will
be considered:
(a) Without the interaction term, A12 = 0.
(b) With the interaction term I1 = A12η¯
2
1(1 − η¯1)2η¯22(1 − η¯2)2 that penalizes the interaction
of η1 and η2 dislocations at the same point with a small A12 = 0.1A. We will see that such a
small interaction affects the local dislocation structure but does not affect the averaged stress-time
curve.
(c) A simpler interaction term, I2 = A12η¯1
2η¯2
2, which, however, does not satisfy condition
(21), with A12 = 0.1A. Nevertheless, the main difference between the two interaction terms is in
the magnitude of their contributions. For example, for η¯1 = η¯2 = 0.5, one has I2 = η¯1
2η¯2
2 = 1/16
and I1 = η¯
2
1(1 − η¯1)2η¯22(1 − η¯2)2 = 1/256, i.e., they differ by a factor of 16. In this case, both
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the local structure and the global stress-time curve are significantly different. It is clear that for
a similar or larger magnitude of the interaction term I1, the both local and global effects will be
significant as well.
Two dislocation systems with the angle 600 between them are located inside a rectangle with
the size of 22.8× 68.6 (Fig. 16). The lower side is fixed in the x and y directions, the upper side is
fixed in the x direction and the vertical displacement v = −(2.8 + 0.2t) is applied from t = 0 to 30.
Lateral sides are free. Initial conditions for dislocations are η1 = −0.01 in a small region at the right
end of the dislocation system with +600 inclination with respect to the x direction (shown with
blue dislocation signs) and η2 = −0.01 in a small region at the left end of the other system (shown
with pink dislocation signs). The plastic shear γα = 0.25 and w = H. Note that the dislocations
interact through their stress field in any case. The evolution of dislocation systems without the
interaction term is plotted in Fig. 16. Solution is symmetric with respect to both dislocation
systems. First dislocations appear in each slip system in the lower part of the sample and propagate
to the intersection region at the center of the sample (t = 1.6). While the lowest dislocations pass
through (t = 2.1), two other dislocations stuck for some time, which leads to nucleation of the
second dislocations in both systems in the upper part of the sample. However, when the first
dislocations pass through the center (t = 10.1), the second dislocations disappear. The same
process repeats itself for the second (t = 15.6) and third dislocations (t = 24.3). Dislocations pass
through the entire sample and make steps at both free surfaces.
Fig. 16: Evolution of dislocation systems under prescribed compressive displacement without the penalty term for
interaction between dislocations.
The evolution of dislocations when the interaction term I1 = A12η¯
2
1(1 − η¯1)2η¯22(1 − η¯2)2 is
included is presented in Fig. 17. First dislocations of both η1 and η2 systems appear at free
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Fig. 17: Evolution of dislocation systems under prescribed compressive displacement with consideration of the
penalty term I1 = A12η¯21(1− η¯1)2η¯22(1− η¯2)2 for interaction between dislocations.
surfaces and then are temporarily arrested at the intersection zone (t = 1.6 and t = 2.1). After
this time instant, system loses its symmetry with respect to two dislocation systems. After η2
dislocations move completely away from the intersection zone (t = 3), η1 dislocations pass through
it. Second dislocations of η2 system in the upper and middle bands appear at the free surface.
While the second dislocations in the middle band pass through the sample (t = 10.1), dislocations
in the upper band first are temporarily arrested at the intersection but then pass through the
sample (t = 13.5). At the same time, second dislocations of η1 system appear at the free surface
but are for a while arrested at the intersection zone. After the η2 dislocations pass through the
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intersection (t = 13.5), the η1 dislocations can pass through as well. At t = 1.6 two dislocations
reach free surface in each slip system, and results are symmetric with respect to exchange of η1 and
η2. Third dislocations of both η1 and η2 systems appear at the free surfaces of both sides, move
toward the interaction zone, and then dislocations of η2 system pass through the interaction zone
(t = 24.3) while the dislocations of η1 system stay at the intersection zone. After the η2 dislocations
pass through the intersection, the η1 dislocations can pass through as well. The shear strain εxy
is plotted in the deformed state for t = 24.3 in Fig. 19. It is localized inside the dislocation bands
of both systems and does not spread between dislocation bands.
Fig. 18: Evolution of dislocation systems under prescribed compressive displacement with consideration of the
penalty term I2 = A12η¯12η¯22 for interaction between dislocations.
A simpler interaction term, I2 = A12η¯1
2η¯2
2, which, however, does not satisfy condition II,
has been studied as well (Fig. 18). Stronger interaction between two systems leads to highly
nonsymmetric solution from the very beginning, see t = 1.6 and t = 2.1. Due to the penalty
term some dislocations are generated only at one side of the intersection zone and do not pass
through the sample, and consequently make a step only at one free surface (t = 1.6 to 15.6). Other
dislocations, which pass through the entire sample, make steps at both free surfaces. Note that
both penalty terms do not completely eliminate simultaneous presence of dislocations belonging
to different systems in the same region (see t = 24.3).
To show the effect of the penalty term on the averaged stress, the average vertical normal
stress vs. time is plotted for the problems with two different types of the interaction term and
without it in Fig. 20. Due to the constant displacement v = 2.8 at t = 0, the initial stress is high,
which is relaxed due to the generation of first dislocations for both problems. In the following, the
stress is increased by applying the growing displacement v = 2.8 + 0.2t. While there is an essential
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Fig. 19: The shear strain εxy at t = 24.3 for the problem with the interaction term I1 = A12η¯21(1− η¯1)2η¯22(1− η¯2)2.
Fig. 20: Average vertical compressive stress (−σy) vs. time during dislocation evolution until t = 30 without
penalizing term (A12 = 0), with the simplified penalizing term I2 = A12η¯12η¯22, and with penalizing term I1 =
A12η¯21(1− η¯1)2η¯22(1− η¯2)2.
difference in the dislocation structure, the curves for stresses without and with the interaction term
I1 are very close. This is because of a relatively small magnitude of the interaction term. With
increasing A12, the deviation of the two curves increases. For the problem without the interaction
term, the stress drops two more times due to the generation of second and third dislocations.
However, it generally increases due to the growing applied displacement. For the problem with the
interaction term I2 = A12η¯
2
1 η¯
2
2 , after the first dislocations appear, the stress smoothly increases
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without significant oscillation. The reason is that dislocations can be generated not only from the
free surfaces, but also due to the stress concentration at temporarily arrested dislocations. This
promotes dislocation generation, and consequently stress relaxation. That is why the stress does
not significantly increase under growing applied displacement and varies quite smoothly. Note that
the stress is generally lower than for the problem without the interaction due to the larger number
of dislocations. At the same time, such an additional dislocation nucleation does not happen for
the interaction term due to the the lack of stress concentration.
The curve for the averaged stress vs. time for the simplified interaction term significantly devi-
ates from the two other cases, mostly because of at least an order of magnitude larger interaction
term. Few more dislocations are generated for this case than for the two other cases, which leads to
lower stresses and a lack of intermediate stress peaks. Stress grows more smoothly with increasing
strains.
5. Concluding remarks
The following points distinguish the current paper from the previous ones.
Our model: (a) includes large strain kinematics; (b) reproduces the desired, mesh-independent
height of dislocation bands for any slip system orientation and prevents dislocation widening by
introducing piece-wise periodic magnitude of the barrier coefficient; (c) excludes the localization
of dislocation within a band of a smaller height than the prescribed one with the help of the
gradient energy term along the normal to slip plane, which, however, does not produce artificial
interface energy; (d) penalizes the interaction of different dislocations at the same point; (e) allows
us to generate desired lattice instability conditions and a stress - order parameter curve, as well as
to obtain stress-independent equilibrium Burgers vector and to avoid artificial dissipation during
elastic deformation; (f) treats non-periodic boundary conditions for dislocations. While we focused
here at the edge dislocations, a similar approach can be applied for screw dislocations; one just
has to consider the Burgers vector parallel to the dislocation line.
Since none of the published numerical approaches based on the spectral methods were able to
treat large strain problems and non-periodic boundary conditions, FEM is utilized here. Computa-
tional mechanical aspects of the phase field simulations of dislocation nucleation and evolution are
addressed for the first time. The main focus was on proving that the new points of the developed
theory can be confirmed in simulations, including possibility of obtaining the desired dislocation
height for aligned and inclined dislocations, eliminating spurious stresses, resolving dislocation
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cores and interaction between cores of different dislocations. The single dislocation order param-
eter profile and the stationary distance between two neighboring dislocations at a semicoherent
austenite - martensite interface (problem that involves large strains) are in perfect agreement with
analytical expressions. Mesh independence of the solutions is proved. The best approximating
finite element polynomials are found that eliminate spurious stress oscillations at the boundaries
between dislocation band and the rest of the crystal or between dislocation bands. The possibility
of significant numerical errors is demonstrated for coarser mesh, non-regularized models, and not
optimal approximating FEM polynomials. Analytical solutions for a stationary and propagating
single dislocation, dislocation velocity, core energy, and core width are found. A calibration proce-
dure is developed and dislocation parameters for nickel are identified based on existing molecular
dynamics simulations. Problems of nucleation and evolution of multiple dislocations along the
sharp austenite - martensite interface and along the single and multiple slip systems near marten-
sitic lath, the activity of dislocations with two different orientations in a nanograined material
under shear and pressure, and the interaction between two intersecting dislocation systems were
studied. Surface-modified partial dislocation was revealed. Importance of the term describing in-
teraction of cores of dislocations belonging to the different slip systems is demonstrated at the local
and global level, depending on the magnitude of this term. These problems represent the first step
in the future study of interaction of phase transformation and dislocations, in particular, for study-
ing thermodynamics, kinetics, and mechanisms of propagation of semicoherent interfaces, arrest
of lath martensite and plate-lath morphological transition, nucleation of strain-induced martensite
at shear band intersection, and the effect of large plastic shear on high pressure phase transforma-
tions. The next step will be based on the generalization of the developed theory for the interaction
between dislocations and phase transformations. Some of the first results in this direction are
already obtained [71, 72, 73, 74].
We would like to note that our approach and previous phase field approaches and discrete dislo-
cations approaches (e.g., [9, 12, 25, 29, 78]) do not compete because they are intended for different
classes of problems and phenomena. We resolve dislocation core, use large strain formulation and
non-periodic boundary conditions. Previous phase field approaches could not solve large strain
problems and apply non-periodic boundary conditions. Discrete dislocations approaches are based
on the theory of dislocations in linear elastic material and utilize principle of superposition, they
do not resolve dislocation core and not applicable to large strain problems. However, due to sim-
pler models and possibility of application of spectral methods and/or principle of superposition,
these methods are numerically more efficient and allow treatment of a larger sample. Thus, they
are more suitable for studying global material behavior while our approach is more effective when
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short range interaction of dislocations and dislocations and other defects is of importance, like point
defects, grain and twin boundaries, and phase interfaces.
At the same time, previous and current phase field approaches can benefit from each other.
Since for periodic boundary conditions spectral methods proved to be effective, and there are
currently promising developments of spectral approaches for large-strain macroscopic plasticity
[36], it would be reasonable to try to combine these spectral methods and our large strain phase
field approach. Also, considering of large dislocation height (i.e., a slip band instead of a single
dislocation) can be and effective method for coarse-graining and scaling up our simulations. On the
other hand, our thermodynamic potential and expression for plastic strain versus order parameters,
which satisfy additional conditions, and provide desired stress-order parameter curve and stress-
independent Burgers vector, can be utilized in existing small strain approaches. Similar, our
methods to introduce the desired width of the dislocation through the theory can be implemented
in the existing theories as well. Previous approaches can also benefit from the strict computational
mechanics studies of the accuracy and grid dependence of the solutions, similar to those in the
current paper. In particular, it would be of interest to determine what the level of inaccuracy is
introduced by assuming that the dislocation height is equal to one intergrid space, in which cases
it is acceptable, and how to improve accuracy without essential increase of computational cost.
Problems considered here could be solved using molecular dynamics method [41, 43]. As usual,
any continuum and atomistic approaches do not compete but supplement each other. Continuum
approach does not need to resolve atomic oscillation and can use much larger time step. Atomistic
approach does not need special developments to treat large strains and to combine several phenom-
ena, like dislocations and phase transformations. Due to completely different ways of introducing
desired information and calibrating models, it is not completely clear which approach is more ac-
curate for the given problem. For example, phase field approach describes melting temperature of
nanoparticles of radii less than 5 nm essentially better than molecular dynamics [68].
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